This paper analyses the steady state behavior of an M/G/1 retrial queueing system with Bernoulli and phase type vacations. Customers arrive one by one at the system in a Poisson stream. At the arrival epoch, if the server is busy then the arriving customer joins the orbit. If the server is free, then the arriving customer starts its service immediately. The service time of a customer is assumed to be general. At each service completion epoch, the server may opt to take a phase 1 vacation with probability p or else with probability 1-p stay in the system for the next service. After the completion of phase 1 vacation the server may take phase 2 vacation with probability q or return back to the system with probability 1-q. The vacation times are assumed to be general. The service times and vacation times are independent of each other. Generating function technique is applied to obtain the system size and orbit size. Numerical examples are provided to illustrate the sensitivity of the performance measures for changes in the parametric of the system.
INTRODUCTION
Retrial queueing system is characterized by the feature that the arriving customers who find the server busy join the retrial queue to try again for their requests or leave the service area immediately. These models have been successfully used to many problems in telephone switching systems, telecommunication networks and computer networks. For recent bibliography on retrial queue see [1, 2, 10, 11] .
Vacation queues are very important class of queues in real life. Single server queueing models with vacation have been well studied due to their wide application in flexible manufacturing or computer communication systems over more than two decades. Several excellent surveys on single server vacation models have been done by [4, 5, 7, 9, 12] . Only few authors [3, 6] have considering phase type vacation. In this paper a single server retrial queueing system based on Bernoulli schedule and phase type vacation is considered.
MODEL DESCRIPTION
Consider a single server retrial queue in which customers arrive at the system according to a Poisson process with rate λ. If an arriving customer finds the server idle, it may obtain service immediately. If the server is found busy or on vacation, the arriving primary customer joins a retrial queue and makes a retrial at a later time. The retrial time is generally distributed with distribution function A(x), density function a(x), Laplace Steltjes transform A*(s) and the conditional completion rate η(x) = a(x)/(1-A(x)).
The service times are independent and identically distributed with common distribution function B(x),density function b(x),Laplace Steltjes transform B*(s),the conditional completion rate µ(x) = b(x)/(1− B(x)) and first two moments are µ 1 and µ 2 .
The vacation period of the server has two heterogeneous phases. At each service completion epoch, the server may take a phase 1 vacation with probability p or else continue to be in the system for the next service with probability 1-p. Phase 2 vacation follows the phase 1 vacation in such a way that the server may take phase 2 with probability q or return back to the system with probability 1-q. The distribution function, density function and Laplace Steltjes transform of i th phase (i =1,2), vacation times are V i (x), v i (x) and V i *(s) respectively. The first two moments are β i1 and β i2 and hazard rate function are β i (x), i = 1,2.
Assume that various stochastic processes involved in the system are independent of each other. At time t, let N(t) be the number of customers in the retrial queue. U(t) the elapsed retrial time of the customer in the retrial queue. X(t) the elapsed service time of the customer in service. Yi(t) the elapsed i th phase vacation time ( i = 1, 2).
Let I 0 (t) be the probability that at time t, there is no customer in the retrial orbit, the server is idle.
I n (t, u) du, n ≥1 be the joint probability that at time t, there are n customer in the retrial orbit, the server is idle, and the elapsed retrial time of a customer is between u and u+du.
W n (t,x) dx, n ≥ 0 be the joint probability that at time t, there are n customer in the retrial orbit and a customer is in service with the elapsed service time between x and x + dx.
V i,n (t,y) dy, n ≥ 0; i = 1, 2 be the joint probability that at time t, there are n customer in the retrial orbit with elapsed vacation time of phase i between y and y + dy.
STABILITY CONDITION
In this section necessary and sufficient condition for the system to be stable is derived.
Theorem 1
The inequality λ (µ 1 + pβ 11 + pqβ 21 ) < A*(λ) is a necessary and sufficient condition for the system to be stable.
Proof:
Let E(s) and E(I) denote the expected blocked time and expected idle time of the server. From the description of the model E(s) = µ 1 + pβ 11 + pqβ 21 .
P(I), the probability that the server is idle = ) s ( E ) I ( E ) I ( E  P(s), the probability that the server is blocked = )
Exit rate from the retrial queue by entering service is
Arrival rate during the busy time of the server is λ µ 1 and arrival rate during vacation is λ (pβ 11 + pqβ 21 ).
Hence total arrival rate at the retrial queue is λ (µ 1 + pβ 11 + pqβ 21 ) = λ E(s). For stability, arrival rate should be less than the exit rate, λ P(s) < )
This is equivalent to λ (µ 1 + pβ 11 + pqβ 21 ) < A*(λ).
STATIONARY DISTRIBUTION
By supplementary variable technique, the system of steady state equations that govern the model are obtained as follows (6) with boundary conditions
The normalizing condition is 0
Theorem 2
If λ (µ 1 + pβ 11 + pqβ 21 ) < A*(λ), then the joint steady state distribution of {N(t), t ≥ 0} under different server state are obtained as
Proof:
Multiplying equation (2) - (11) by n z , summing over all possible values of n and solving, we get
W(z, x) = W(z, 0) 
Using the equations (18), (19), (22) and (23) in equation (20), we get
Substitute equation (24) in equation (21), we obtain
where
Using the equation ( 25) in the equations (24), (22) and (23) we have the following result
Using equations (27) to (29) and (25) in the equations (17) -(19) and integrating with respect to x from 0 to  we get the equations (13) -(16) of Theorem-2.
The normalizing condition in equation (12) 
MEAN ORBIT SIZE AND MEAN SYSTEM SIZE
The Probability generating function of the number of customers in the orbit is
The mean number of customer in the orbit is given by 
The Probability generating function of the number of customer in the system is
The mean number of customer in the system is given by
PERFORMANCE MEASURES
Performance measures for the system under steady state condition are given below  The steady state probability that the server is idle in the empty system is
The steady state probability that the server is idle in the non -empty system is
The steady state probability that the server is busy is
The steady state probability that the server is on phase 1 vacation is
The steady state probability that the server is on phase 2 vacation is 
Case 2
If we take vacation rates of phase 1 and phase 2 are equal then we get results of M/G/1 retrial queue with Erlangian -2 vacations.
Case 3
If q = 0, then we the results of this mode coincide with the results of M/G/1 retrial queue with vacation by Maragatha Sundari, S., and Srinivasan, S., [8] .
Case 4
If p = 0, then we get the fundamental retrial queueing model without vacations.
Case 5
If A*(λ) → 1, then we get the results for M/G/1 queueing system with Bernoulli and phase type vacation. 
Case 6
Assume that A*(λ) → 1, service time is deterministic of length d and vacation time are exponential with rate β 1 and β 2 respectively for phase 1 and phase 2. Then the results coincide with Jehad Al-Jararha and Madan [6] .
NUMERICAL STUDY
In order to verify the efficiency of our analytical results, we perform numerical experiments by using MATLAB. Assume that retrial time, service time, phase 1 vacation time, phase 2 vacation time are exponentially distributed with the rate η, µ, β 1 , β 2 respectively.
The fig 1 -4 shows the effect of λ on (µ, I 0 ), (µ, W 1 ), (µ, I 1 ) and (µ, L S ) for fixed (η, p, q, β 1 , β 2 ) = ( 20, 0.5, 0.2, 8, 10) . Table 1 displays the performance measures for (λ, η, µ, β 1 , β 2 ) = (3, 20, 20, 7, 12) and for the various values of p and q from 0 to 1. As expected, for increasing values of p and q the performance measures I 1 , V 1 , V 2 ,L s increase and 0 I decreases. Table 2 shows the results for the various values of η, µ with the parameter values ( λ, p, q, β 1 , β 2 ) = ( 4, 0.5, 0. 2, 6, 8 ) . As expected, W 1 is constant for all p and q and V 1 and V 2 are constant for all η and µ. 
CONCLUSION
In this paper, a single server retrial queue with Bernoulli vacation and phase type vacation is analyzed under the condition of stability. Several system performance measures are computed in steady state. Some numerical illustrations are also presented.
